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KHOVANOV HOMOLOGY AND CAUSALITY IN SPACETIMES
VLADIMIR CHERNOV, GAGE MARTIN, AND INA PETKOVA
ABSTRACT. We observe that Khovanov homology detects causality in (2 + 1)-dimensional
globally hyperbolic spacetimes whose Cauchy surface is homeomorphic to R2.
A spacetime X is a time-oriented Lorentz manifold. Here a Lorentz metric is assumed
to have signature (+, · · · ,+,−). The spacetime is globally hyperbolic if it has a Cauchy
surface, i.e. a subset Σ such that each inextensible curve γ with γ′(t) · γ′(t) ≤ 0 intersects
it exactly once [HE73, pp. 211-212]. The Cauchy surface can be taken to be smooth and
spacelike, i.e. such that the restriction of the Lorentz metric to it is Riemann. The globally
hyperbolic spacetime is then diffeomorphic to Σ× R [BS03, BS05, BS06].
Globally hyperbolic spacetimes are arguably the most important and studied class of
spacetimes. One of the versions of the Strong Cosmic Censorship Conjecture of Pen-
rose [Pen98] is that all physically relevant spacetimes are like this.
Two points (events) x, y ∈ X are causally related if there is a curve γ connecting the
two points with γ′(t) · γ′(t) ≤ 0, i.e. if one can get from one point to the other without
exceeding the light speed. The space NX of unparameterized future-directed light rays
in X can be identified with the total space ST ∗Σ of the spherical cotangent bundle of a
Cauchy surface Σ. The set of lights rays through a point x is then identified with the
sphere Sx ⊂ NX called the sky of x.
Assuming that the Cauchy surface Σ is not homeomorphic to RP 2 or S2, S. Nemirovski
and the first author proved the Low Conjecture [Low88, Low90, Low94, Low98, Low01],
which states that events x, y in a (2 + 1)-dimensional globally hyperbolic spacetime X
(with Σ 6= S2,RP 2) are causally related if and only if their skies Sx, Sy are linked in NX ,
see [CN10a]. Here linked means that the pair is not isotopic to a pair of fibers of the S1-
bundle ST ∗Σ → Σ or that Sx, Sy intersect, meaning that x, y are on a common light ray.
One can show that this does not depend on the choice of a Cauchy surface Σ and hence
on the identification NX = ST
∗Σ.
For the case where the Cauchy surface of X is homeomorphic to R2, these skies are
circles in the solid torus NX = S
1 × R2, each isotopic to the longitude of the solid torus.
In [NT04] Natário and Tod used the Kauffman polynomial (which is related to the Jones
polynomial by a variable change) of the pair of skies to study causality. They computed
the polynomial for a big class of examples of pairs of skies of causally related events. The
polynomial was nontrivial, thus showing the skies were indeed linked. This provided
numerical evidence supporting the Low Conjecture, which at the time was unknown to
be true. Completely detecting causality with this method is unlikely, however. There are
infinitely many examples of pairs of linked longitudes in S1×R2 which become unlinked
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in S3 ⊃ S1×R2, see Figure 1 for an example, so one would at least need to refine the com-
putation to keep track of the solid torus. Further, it is unknown whether the Kauffman
polynomial would detect the connected sum of two Hopf links in R3 (i.e. the trivial pair
of longitudes in the solid torus).
Khovanov homology assigns to a link L ⊂ S3 a bigraded Z/2-module Kh(L;Z/2),
whose Euler characteristic is the Jones polynomial. It is known that Khovanov homol-
ogy carries strictly more information than the Jones polynomial. A variant of Khovanov
homology called annular Khovanov homology assigns to an annular link L ⊆ A × [0, 1]
a triply graded Z/2-module AKh(L;Z/2). Combining recent detection results about Kho-
vanov homology and annular Khovanov homology [GN14, BG15, XZ19a, XZ19b] with
the results in [CN10a], we get the following.
Theorem 1. Khovanov homology and annular Khovanov homology both detect causal relation for
events in (2+1)-dimensional globally hyperbolic spacetimes with a Cauchy surface homeomorphic
to R2.
Proof. If the skies Sx, Sy intersect, then the two events x, y belong to a common light ray,
and hence are causally related. So below we assume that Sx ∩ Sy = ∅.
Let V = S1 × R2 be a solid torus and let λ = S1 × {p} be a longitude of V .
First we show how existing results imply the theorem for annular Khovanov homology.
Since V = S1×R2 = (S1×R)×R, we can regard V as the thickened annulusA×I = A×R.
Let L = K1 ⊔K2 be a 2-component link in V , such that each link componentKi is isotopic
to λ. Determining whether L is unlinked (isotopic to a pair of fibers) in V is equivalent to
determining whether L is the (closure of the) trivial two-braid in A× I .
By [GN14, Corollary 1.2] and [XZ19b, Corollary 1.4], annular Khovanov homology is
known to distinguish braids in A × I from other annular links. Additionally, by [BG15,
Theorem 3.1], annular Khovanov homology is known to distinguish the trivial braid clo-
sure from other braid closures. In particular, x, y ∈ X are causally unrelated if and only if
AKh(Sx⊔Sy;Z/2) ∼= AKh(U2;Z/2). Here U2 is the closure of the trivial two-braid in A×I .
Now we address Khovanov homology. Let L be an n-component link in V . Using the
standard embedding of V into S3 (so that λ bounds a disk disjoint from some other S1
fiber of V ), we can equivalently think of the pair (V, L) as the pair (S3, L′), where L′ is the
(n+ 1)-component link consisting of L, together with the meridian µ of V . See Figure 1.
Let L = K1 ⊔ K2 be a 2-component link in V , such that each link component Ki is
isotopic to λ. Determining whether L is unlinked (not isotopic to a pair of fibers) in V is
equivalent to determining whether L′ is the connected sum of two Hopf links.
By [XZ19a, Corollary 1.3], Khovanov homology detects the connected sum of two Hopf
links among all 3-component links. In particular, x, y ∈ X are causally unrelated if and
only if Kh(Sx ⊔Sy ⊔ µ;Z/2) ∼= Kh(P3;Z/2). Here P3 is the standard connected sum of two
Hopf links. 
Remark. The universal cover X˜ of a globally hyperbolic (2 + 1)-dimensional spacetime
X with a Cauchy surface Σ is a globally hyperbolic spacetime whose Cauchy surface Σ˜
is the universal cover of Σ [CR08]. If x, y ∈ X are two causally related points, then there
is a path γ with γ′(t) · γ′(t) ≤ 0 connecting them. Hence, its lift γ˜ connects some lifts x˜, y˜
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FIGURE 1. Left: a 2-component link in the solid torus V = S1 × R2. The
fiber longitude λ is drawn in blue, and the meridian µ is in red. Right: The
corresponding 3-component link L′.
of x, y to X˜ which are then causally related in X˜ . (Of course, if any two points in X˜ are
causally related, then their projections to X are also causally related.)
When the universal covering of Σ is not S2, it has to be homeomorphic to R2, and
we can apply the covering construction from above to show that Khovanov homology
detects causality for all globally (2 + 1)-dimensional spacetimes whose Cauchy surface
is not homeomorphic to S2 or RP 2. When Σ itself is not homeomorphic to R2 however,
this would require one to check that infinitely many pairs of possible lifts of skies are
unlinked, or vice versa that there is a pair of lifts whose skies are linked.
Remark. For higher dimensional globally hyperbolic spacetimes, causality can be inter-
preted as a Legendrian linking of a pair of skies, see for example [CN10a, CN10b, CN16,
Che18]. However, to detect the Legendrian unlink X one would have to develop and
use techniques other than Khovanov homology, which is 3-dimensional and topological
(rather than contact) in nature.
Remark. Similar arguments to those contained in [GN14] show that link Floer homology
detects braids. This braid detection result is known to some experts but is missing from
the literature. A version of the argument was communicated to the second author by
John Baldwin [Bal]. A proof will appear in an upcoming paper by the second author.
Combined with a result from [BG15] that link Floer homology detects the trivial braid,
this implies that link Floer homology also detects causality in this setting.
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